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Abstract Systems composed of three nucleons have been a subject of precise experimental studies for many
years. Recently, the database of observables for the deuteron breakup in collision with protons has been
significantly extended at intermediate energies. In this region the comparison with exact theoretical calculations
is possible, while the sensitivity to various aspects of the interaction, in particular to the subtle effects of the
dynamics beyond the pairwise nucleon–nucleon force, is significant. The Coulomb interaction and relativistic
effects show also their influence on the observables of the breakup reaction. All these effects vary with energy
and appear with different strength in certain observables and phase-space regions, which calls for systematic
investigations of a possibly rich set of observables determined in a wide range of energies. Moreover, a
systematic comparison with theoretical predictions performed in coordinates related to the system dynamics
in a possibly direct way is of importance. The examples of existing experimental data for the breakup reaction
are briefly presented and the amenability of a set of invariant coordinates for that type of analysis is discussed.
1 Introduction
The understanding of the structure and dynamics of nuclei as systems of interacting protons and neutrons is
one of the major goals of nuclear physics. The nucleon–nucleon potential is the leading part of the nuclear
interaction and should be sufficient to describe basic properties of nuclei and main trends in observables for
systems of few (and many) nucleons, if exact calculations are feasible. However, since the internal structure of
nucleons is neglected, the question arises, how the suppressed degrees of freedom influence the observables in
any system consisting of more than 2 nucleons. Such additional dynamics, called three-nucleon force (3NF),
cannot be reduced to pairwise forces. It arises in the meson-exchange picture as an intermediate excitation of
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a nucleon to a Δ isobar, or it appears fully naturally in Chiral Effective Field Theory at a certain order [1].
In the first case, 3NF models, like TM99 [2] or Urbana IX [3] forces, are combined with a given realistic
nucleon–nucleon (2N) potential. Alternatively, the Δ isobar is included explicitly and the coupled-channel
framework is applied [4]. Three-nucleon systems, as amenable to accurate ab-initio calculations, represent an
excellent testing ground for 2N + 3NF interactions, constructed in any of the ways mentioned here.
The importance of 3NF contributions to the dynamics of systems of more than two nucleons was first
established in binding energies of few-nucleon states [5–8]. Further verification of the role of the 3NF has
been carried out on the basis of scattering experiments: the measurements of observables for elastic nucleon–
deuteron scattering and for the breakup of a deuteron in its collision with a nucleon. The extensive discussions
of the present status of our understanding of the 3N system dynamics, based on modern calculations and many
precise and rich data sets, can be found in recent reviews [9–11]. The 3NF turned out to be very important for
improving the description of the cross section for nucleon–deuteron elastic scattering. At beam energies above
100 MeV per nucleon certain discrepancies between data and calculations still persist, though significantly
reduced as compared to predictions based on purely 2N potentials (cf. [12] and references therein). On the
other hand, the precise experimental data demonstrate both the successes and the difficulties of the current
models in describing analyzing powers, spin-transfer and spin-correlation coefficients for Nd elastic scattering.
Deuteron breakup in collision with a proton is another source of information on the three-nucleon system
dynamics. When studied with a detector covering a big part of the phase space, it provides extensive information,
and the effects of various dynamical ingredients can be studied as a function of a set of kinematic variables.
Such an approach was applied in a series of experiments carried out at KVI, which comprised the studies
of the 1H(d,pp)n and 2H(p,pp)n reactions with deuteron beams of energies 100, 130 and 160 MeV (50, 65,
80 MeV/nucleon) and proton beams with energies of 135 and 190 MeV. The detection systems of large angular
acceptance, SALAD and BINA [11–13], were employed. Regarding differential cross sections, an experiment
using the 4π WASA detector and deuteron beams of energies from 170 to 200 MeV/nucleon has recently been
performed at the COSY ring of FZ-Jülich, while the investigations at lower (proton) beam energies between 108
and 160 MeV are currenly being carried out with the use of the BINA detector at the newly opened Cyclotron
Center Bronowice (Cracow, Poland).
To a large extent, the general conclusions about the role of 3NF contributions for the description of the
cross section for the breakup reaction are so far similar to those for elastic scattering. The significance of
the 3NF for a correct description of the differential cross section has been confirmed [14,15]. On the other
hand, certain discrepancies are observed for the tensor analyzing powers of the breakup reaction at the same
beam energies, even if (or when) the 3NF is included in the calculations [16]. The experimental studies of the
2H(p,pp)n reaction at 135 and 190 MeV [17,18] show a large (and growing with beam energy) discrepancy
between the measured data and the theoretical predictions for the vector analyzing power Apy . It is located at
small relative azimuthal angles of the two breakup protons, and even increases with the three-nucleon force
included. The predicted relativistic effects do not explain this behaviour. These facts confirm a problem with
the description of spin observables in 3N systems. The precise data sets for polarization observables of the
1H(d,pp)n reaction at the beam energy of 270 MeV, collected at IUCF [19] and at RIKEN [20], also showed “a
mixed picture” in the sector of spin observables. For example, Ady obtained in several angular configurations is
described properly by the pure 2N force predictions, while the inclusion of the 3NFs leads to the deterioration
of the agreement [20]. Such a behaviour is opposite to the one observed in elastic scattering at 270 MeV.
Elastic scattering is practically insensitive to the Coulomb interaction [21] and relativistic effects [22] over
a wide range of energies. In contrast, the breakup reaction reveals, due to the variety of configurations of its
final state, sensitivity to both of these effects, particularly enhanced at specific kinematics. In view of interplays
of various effects in the breakup reaction, it is of great importance to compare experimental data to calculations
which include all the dynamical ingredients. Significant progress in this respect has been achieved in recent
years, and currently the calculations combining 3NF and Coulomb interactions are available [23] as well as
relativistic calculations including 3NFs [22]. Coulomb effects turned out to be surprisingly large [15,24].
Therefore, an experiment probing the part of the phase space that is particularly sensitive to the Coulomb
interaction was conducted at FZ-Jülich. A deuteron beam of 130 MeV and the GeWall detector [25] covering
very forward angles were used in these studies. A strong influence of Coulomb effects and the general success
of the theoretical calculations incorporating this long range interaction were confirmed [26]. The importance
of relativistic calculations for describing the breakup reaction cross section has been shown at energies as low
as 65 MeV ([27] using data from [28,29]). The calculations will be further tested by comparing with results
of the breakup cross section measurements performed with the WASA detector at COSY [31] in the energy
range where predicted relativistic effects exceed 30% [30].
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2 Analysis Using Invariant Coordinates
The interplay of all dynamical effects in the breakup process requires a large database covering a wide range
of energies, in order to verify the theoretical calculations. An optimal choice of kinematic coordinates is
important for a systematic survey of such a database. In spite of the equivalence of many possible choices,
the coordinates with possibly close relation to the dynamics of the process could be of particular interest.
The relative momentum of a pair of outgoing particles is one example of this type, giving direct insight into
the Final State Interaction (FSI) of this pair. For a 3-nucleon final state it is quite natural to define two such
variables: for the pair of identical nucleons (pp in the case of pd breakup process) and for the np pair. Low
relative momentum of the proton–neutron pair corresponds to configurations “similar” to elastic dp scattering,
while for the pair of protons large effects of the Coulomb interaction are expected at the minimum value
of such a variable. The motivation for the choice of two other coordinates is based on the important role
of the four-momentum transfer in the two-body reaction dynamics. The differential cross section of elastic
proton–deuteron scattering at small polar angles in the center-of-mass system (low momentum transfer) is
dominated by the direct term in the two-nucleon potential and is rather well described by the calculations
using only two-nucleon forces. At backward angles (large momentum transfer), the nucleon exchange term in
the two-nucleon potential is responsible for the increase of the cross section. In these two regions the effects
of three-nucleon forces are predicted to be mimimal. At intermediate angles, where the cross section has a
minimum, it is expected that the effects of three-nucleon forces will be significant. In breakup, for the three-
body exit channel, the 4-momentum transfer can be defined separately for individual nucleons. Intuitively,
the less the momentum of the nucleon changes during the process, the less the nucleon is “involved” in the
interaction, at the zero limit playing mainly the role of a spectator, which corresponds to Quasi-Free Scattering
(QFS) of the other two nucleons. That is the reason why the so-called Chew-Low plot, combining invariant
mass with 4-momentum transfer, was once used for breakup analyses [32,33] to identify events originating
from quasi-elastic scattering in particular.
The coordinates can be constructed in analogy to the Mandelstam invariants. Denoting the four momenta
in the exit channel by p(1)p , p
(2)
p (for two protons) and pn (for a neutron), and in the entrance channel by pp
for a proton and pd/2 for any of the nucleons bound in a deuteron, we propose the following set of invariants
(for further discussion see [11]):
– spp = (p(1)p + p(2)p )2 for a pair of protons in the exit channel,
– spn ≡ sp(1)n = (p(1)p + pn)2 for a proton–neutron pair - arbitrarily the pair with the lower spn value can be
chosen,
– tn = (pd/2 − pn)2, corresponding to the 4-momentum transfer from a bound neutron in the entrance
channel to a free neutron in the exit channel,
– tp = (pp − p(2)p )2, corresponding to the 4-momentum transfer from an unbound proton in the entrance
channel to one of the two protons in the exit channel - arbitrarily, we choose the proton, which was not
used in the calculation of spn .
One can easily recognize that the so-called star configurations are characterized by spp = spn (with its
value dependent on beam energy), while variation of the angle between the star plane and beam directions, α,
can be translated to variation of tn . This is only one out of many examples of a simple and clear description
given in terms of the proposed coordinates, apart from the already mentioned FSI and QFS.
For convenience, the 4-momenta based coordinates can be redefined as energies, corresponding to the
energy of the relative motion of two nucleons (pp, pn pairs), E pprel , E
pn
rel , and the kinetic energy “transferred”
to a particle:
E pprel =
√
spp − 2mp,
E pnrel =
√
spn − mp − mn,
E ptr =
−tp
2mp
,
Entr =
−tn
2mn
. (1)
The full dynamical information is maintained only on the 4-dimensional surface, while the integration
over any number of coordinates leads to obscuring of parts of the information. However, if an effect is
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Fig. 1 Net effects of the 3NF on vector and tensor analyzing powers of the dp breakup reaction measured at the deuteron beam
energy of 130 MeV. Open squares represent the predicted effects, i.e. the difference between the results of calculations including
the TM99 3NF and those based on pure 2N potentials. Circles represent the difference between the measured and calculated
observables, as explained in the legend, with the experimental uncertainty shown as bands. Theoretical calculations by Witała et
al. For details see text
strongly correlated with a specific coordinate, it should not be smeared out by the integration and it stays
clearly visible even in a one-dimensional spectrum. Such an analysis, performed in terms of E pprel , turned out
to be a very useful tool for tracing 3NFs and, in particular, Coulomb effects in the breakup cross section
at 130 MeV (65 MeV/nucleon) [11]. The latter is consistent with the intuitive understanding of the relation
between Coulomb effects and proton–proton FSI.
A similar analysis for vector and tensor analysing powers is presented here (a fraction of the results has
already been discussed in [34]). The theoretical values were calculated for each vector and tensor analyzing
power Ai at each experimental point, analysed conventionally on a grid of ξ = (θ1, θ2, φ12, S) variables [11].
Then both data and theoretical predictions were sorted into E pprel bins of 2 MeV. The predictions based on a set
of two-nucleon (2N) realistic potentials (Argonne V18, Nijmegen I, II and CD-Bonn) were compared with the
calculations including the TM99 3NF (2N + 3N) with the aim to analyse 3NF effects. The predictions obtained
with the 2N potentials alone were considered together creating a band. The center of this band was then used
for further comparisons with the data. The 2N + 3N calculations were treated in a similar way. Since the bands
are relatively narrow (as compared to the effects under study) such an approach is justified. In order to magnify
the effects, the theoretical predictions have been subtracted from the data. In addition, the difference between
the two types of predictions has been calculated, see Fig. 1. Squares on the zero level represent the situation
when the predicted 3NF effect is negligible. This is the case for Ax , Ay and Axx . The predicted effects of
the 3NF for Ayy and Axy are sizeable and they exceed the experimental uncertainties, therefore the data are
very suitable for testing them. For Ayy one can observe a systematic change of the predicted effect with E
pp
rel ,
signalling the importance of that coordinate in the description of the system dynamics. Full and open circles
represent the difference between data and theory: the theoretical description is validated if the symbols are
contained within the uncertainty bands. The most significant discrepancy is observed for Ayy and Axy when
the calculations with 3NFs (open circles) are applied. Apparently, the predicted effect is not confirmed with
the data set.
It can be argued that Coulomb effects (not included in the calculations used in the above comparisons) may
be the reason of the discrepancies. Therefore, the data were compared to calculations based on the Argonne
V18 (AV18) potential combined with Urbana IX 3NF (UIX), with (AV18 + UIX + C) and without Coulomb
interaction (AV18 + UIX) [23] in order to verify that hypothesis. As in the previous case, the theoretical
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Fig. 2 Similar to Fig. 1, but for the net effects of the Coulomb interaction in vector and tensor analyzing powers. Theoretical
calculations by Deltuva et al. For details see text
predictions have been individually subtracted from the data and the results are shown as circles in Fig. 2. The
difference between the results of the two types of calculations i.e. the predicted net effects of the Coulomb
interaction are shown as squares. In most cases the squares are grouped on the zero level, i.e. the predicted
Coulomb effect is negligible. For tensor analyzing powers certain departures from zero are visible at low E pprel .
However, the predicted effects of the Coulomb interaction do not solve but rather exacerbate the problem of
describing tensor analysing powers with currently available 2N + 3N potentials: Clearly, the open circles are
even more distant from the zero level than the full ones.
Two-dimensional spectra based on two (out of four) invariants should provide us with deeper insight into
the system dynamics. As the first step they are constructed for the differential cross section, which reveals
interesting dependencies when studied as a function of E pprel alone [11]. The ratio
σ2N+3N −σ2N
σ2N
was calculated
in order to observe the relative influence of the given 3NF effect. σ2N+3N denotes the differential cross section
calculated with the 3NF included, while σ2N are the results of calculations using only the 2N potential. The
predicted effects of the TM99 3NF on the differential cross section of the breakup reaction at 130 MeV,
presented as a function of E pprel and E
n
tr , are shown in Fig. 3, left panel. The analysis has been performed for the
region where data measured in the SALAD experiment exist [15], therefore the distributions are shown using
the experimental thresholds and acceptance. Colours show changes in the magnitude of the effects. The 3NF
effects are very local - the strongest on the very edge of the available phase space at large E pprel . The experimental
data σexp were compared to the calculations based on the CD-Bonn potential alone and the analogous ratio
σexp−σ2N
σ2N
has been constructed. As it is shown in Fig. 3, right panel, the theoretical description based on the 2N
interaction reveals a deficiency in the same region where 3NF effects are predicted and of very similar size.
There is also an additional region in the data where a departure from the calculations is visible. It is located
at the lowest E pprel where a strong negative effect can be observed, i.e. the theory underestimates the data, and
the effect changes rapidly to a positive one nearby. This region is, as we already know, particularly sensitive
to the Coulomb force, which is not included in the calculations presented.
The region sensitive to the Coulomb repulsion can be investigated in detail on the basis of the results
of the experiment mentioned earlier, devoted to study Coulomb effects in the forward angular region. The
calculations using the AV18 potential and Urbana IX 3NF were used for comparisons, with (σ2N+3N+C )
and without (σ2N+3N ) the Coulomb interaction. The theoretically predicted effects σ2N+3N+C−σ2N+3Nσ2N+3N and the
comparison of the data with the calculations without Coulomb σexp−σ2N+3N
σ2N+3N are presented in Fig. 4. It becomes
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Fig. 3 Net effects of the 3NF on the differential cross section of the dp breakup at 130 MeV, presented as a function of two
invariants. Left panel Difference of theoretical predictions (by Witała et al.) obtained for CD-Bonn potential with and without
TM99 3NF, relatively normalized to calculations without 3NF. Right panel Difference between experimental data and calculations
with CD-Bonn alone, normalized in the same way
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Fig. 4 Similar to Fig. 3, for the net effects of Coulomb interaction in the differential cross section of the dp breakup at 130 MeV.
Left panel Difference of theoretical predictions (by Deltuva et al.) obtained for AV18 potential and Urbana IX 3NF, with and
without Coulomb interaction, relatively normalized to the calculations without the Coulomb interaction. Right panel Difference
between experimental data and calculations with AV18 potential and Urbana IX 3NF, normalized in the same way
immediately clear that the angular acceptance of the GeWall detector strongly"zooms in" at a certain region of
the Entr versus E
pp
rel plane, probing lower E
pp
rel and higher E
n
tr as compared to the case presented in Fig. 3. In this
region, the theoretically predicted influence of the Coulomb force (left panel) changes quite dramatically from
negative to positive values, which corresponds to “pushing out” of proton pairs from certain configurations to
neighbouring ones. This effect amazingly well reproduces the deficiency of the Coulomb-less calculations in
describing the data (right panel).
Extending the studies to the slightly higher deuteron beam energy of 160 MeV (80 MeV/nucleon), we
have an opportunity to understand how the predicted and measured effects change when investigated in the
coordinates proposed here. The experiment at 160 MeV was performed with the use of BINA. The BINA
Wall detector represents a very similar angular acceptance, energy thresholds, angular and energy resolution
as the SALAD detector used at 130 MeV. Therefore the influence of one parameter only, namely of the beam
energy, can be studied. Due to the still ongoing analysis we have not shown the comparison to the data yet. The
predicted effects are calculated, as in the previous cases, in the kinematic region where the experimental data
were measured (excluding the lowest φ12, corresponding to the lowest E
pp
rel values). The calculations using
the AV18 2N potential with and without the Urbana IX 3NF have been compared. As it might be observed in
Fig. 5, an increase of beam energy provides an access to the region of higher Entr and E
pp
rel . The predicted 3NF
effects are larger than the effects observed at 130 MeV (65 MeV/nucleon) and cumulated at the highest E pprel
values.
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Fig. 5 Similar to Fig. 3, left panel, for the net effects of Urbama IX 3NF studied at the beam energy of 160 MeV. Theoretical
predictions by Witała et al
3 Summary
Due to the recent progress in experimental techniques, the database for 3-nucleon system studies at intermediate
energies has been significantly enriched and the progress in this area is continuing. The breakup reaction is
studied in experiments employing detection systems covering large parts of the phase space, which allows
for systematic analyses of observables as a function of kinematic variables. For the sake of comparing data
obtained at different energies and learning more about the dynamics of the process, the analyses should rely
on invariants, rather than on the classical kinematic variables related to geometrical configurations. The paper
presents a pilot example of that kind of analysis as an indicator of its usefulness. Other combinations of
invariants are also being considered and subsequently the analysis will be extended to other beam energies.
New data sets will be collected in the near future for the breakup reaction. Thay will complement the basis
for the tests of state-of-the-art and forthcoming theoretical calculations, which in turn will help to understand
details of the few-nucleon system dynamics.
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